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We present a theory of the resonant inelastic x-ray scattering (RIXS) to study electronic excitations
in orbital ordered manganites. The charge and orbital excitations of the Mn 3d electron are caused
by the Coulomb interactions in the intermediate scattering state. The scattering cross section is
formulated by the Liouville operator method where the local and itinerant natures of the excitations
are taken into account on an equal footing. As a result, the cross section is expressed by the charge
and orbital correlation functions associated with local corrections. The RIXS spectra are calculated
numerically as functions of momentum and polarization of x ray. Through the calculations, we pro-
pose that RIXS provides a great opportunity to study the unique electronic excitations in correlated
electron systems with orbital degeneracy.
PACS numbers: 75.30.Vn, 71.10.-w, 78.70.Ck, 78.70.En
I. INTRODUCTION
Since the discovery of High-Tc superconducting
cuprates, electronic structure of transition-metal oxides
has been reinvestigated from a view point of electron
correlation.1 An important consequence of the strong
electron correlation is a variety of electronic phases and
unique elementary excitations attributed to the internal
degrees of freedom of an electron. The most exotic ex-
ample is the spin-charge separation in one-dimensional
metals where the collective spin and charge excitations
behave independently. Even in the two- and three-
dimensional systems, it is recognized that characteristic
momentum and energy dependence of electronic excita-
tions plays crucial roles in anomalous metallic states near
the metal-insulator transition.
In addition to the spin and charge degrees of freedom,
manganites with perovskite structure A1−xBxMnO3
(A=La, Pr, Nd, Sm, B=Sr, Ca, Ba) have orbital degree
of freedom;2 one of the doubly degenerate eg orbitals, i.e.
3d3z2−r2 and 3dx2−y2 orbitals, is occupied by an elec-
tron in a Mn3+ ion. LaMnO3 is an antiferromagnetic
insulator,3 as is La2CuO4. Moreover, the orbital degree
of freedom shows the long range ordering accompanied
with the lattice distortion where 3d3x2−r2 and 3d3y2−r2
orbitals alternately align in the ab plane.4–7 With dop-
ing of holes, a variety of spin, charge and orbital ordered
phases appears. As for the spin degrees of freedom among
them, its ordering and excitations have been examined
experimentally in detail by the neutron scattering exper-
iments. On the contrary, the charge and orbital orderings
and excitations still remain to be studied, since the ex-
perimental probes which directly couple with them were
limited.8
Recently, the charge and orbital orderings in mangan-
ites have successfully been observed by the resonant x-ray
scattering.9 Here a Mn 1s electron is excited to the Mn 4p
orbital in the intermediate scattering state by tuning the
incident x-ray energy to the Mn K edge. On resonance,
the x-ray scattering factors become sensitive dramatically
to the charge and orbital states of a Mn 3d electron. The
polarization dependent scattering intensity is utilized to
identify the scattering from the orbital ordering. Nowa-
days, this technique is applied to several transition metal
oxides with charge and orbital orderings.10–14
The availability of the third generation synchrotron
radiation sources promises to detect the charge and or-
bital excitations by the resonant inelastic x-ray scattering
(RIXS).15–19,21 The resonant process provides not only
huge enhancement of the scattering cross section but also
excitations of 3d electrons around a Mn ion where x ray is
absorbed. Thus, this probe is sensitive to the local elec-
tronic structures around this ion. At the same time, the
delocalized character of electrons in a solid is detectable
by this method, because x ray covers a wide range of
the momentum space. Actually, momentum dependent
RIXS spectra have been recently observed in the insulat-
ing cuprates.20,21 These were interpreted as charge ex-
citations from the effective lower Hubbard band to the
upper Hubbard one across the Mott gap. Now this tech-
nique is on the point to be applied to the manganites
with orbital degree of freedom. The Mott gap in the or-
bital ordered insulating manganites is composed of the
upper and lower Hubbard bands with different orbital
characters unlike the cuprates. Thus, x ray is scattered
from the orbital excitation as well as the charge one in
these compounds. The x-ray scattering spectrometer of
RIXS for manganites has recently been constructed on a
beamline at the SPring-8.22 Some peak structures are ob-
served in the RXS spectra for LaMnO3 around several eV
of the energy transfer. The polarization and momentum
resolved measurements will provides a great opportunity
to observe excitations in correlated electron systems with
orbital degeneracy.
In this paper, we present a theoretical framework of
RIXS to study charge and orbital excitations in or-
bital ordered insulating manganites. We focus on RIXS
from the individual charge and orbital excitations caused
by the transitions from occupied to unoccupied elec-
tronic states across the Mott gap. The present theory
1
is applicable to analyze the observed RIXS spectra in
LaMnO3 mentioned above.
22 Moreover, an identification
of RIXS from the individual excitations promises to de-
tect the collective orbital excitation proposed theoreti-
cally in Ref. 23. The scattering cross section is formu-
lated by the Liouville operator method where the local
electron correlation and itinerant nature of the excita-
tions is treated on an equal footing. The cross section is
expressed by the charge and orbital correlation functions
associated with local corrections. The RIXS spectra are
calculated numerically as functions of momentum, polar-
ization and type of the orbital ordered states. Through
the calculations, we propose that RIXS provides a great
opportunity to study the electronic excitations in corre-
lated electron systems with orbital degeneracy.
In Sec. II, a formulation of the scattering cross sec-
tion based on the Liouville operator method is presented.
The numerical results of the RIXS spectra are shown in
Sec. III. Sec. IV is devoted to the summary and discus-
sion.
II. MODEL AND FORMULATION
Let us formulate the scattering cross section of RIXS
in insulating manganites with orbital ordering. Consider
the scattering of x ray with momentum ~ki , energy ωi and
polarization λi to ~kf , ωf and λf . The electronic states at
the initial, intermediate and final states in the scattering
process are denoted as |i〉, |m〉 and |f〉 with energy εi,
εm and εf , respectively. The differential cross section of
RIXS is given by24,25
d2σ
dΩdωf
= A
ωf
ωi
∑
f
|S|2δ(εf + ωf − εi − ωi), (1)
where
S =
∑
m
{
〈f |~j−ki · ~ekiλi |m〉〈m|~jkf · ~ekfλf |i〉
εi − εm − ωf
+
〈f |~jkf · ~ekfλf |m〉〈m|~j−ki · ~ekiλi |i〉
εi − εm + ωi + iΓ
}
, (2)
and A = (e2/mc2)2. ~ekλ is the polarization vector of x
ray, Γ is the damping of a core hole and ~jk is the current
operator defined by ~jk =
∑
l e
−i~k·~rl~jl. Since the dipole
transition is dominant in RIXS at the Mn3+ K-edge,9,10
this operator is given by
jlα =
B√
m
∑
σ
p†lαslσ +H.c.. (3)
p†lα and slσ are the creation operator of a Mn 4pα electron
and the annihilation one of a Mn 1s electron, respectively,
at site l with Cartesian coordinate α and spin σ. The
coupling constant B in Eq. (3) between the current and
x ray is defined by
B =
1
2
∫
d~rφ4pα(~r)
∗(−i∇α)φ1s(~r), (4)
with the atomic wave function φm(~r) (m = 4p, 1s). As
shown in Ref. 25, the differential scattering cross section
is represented by the correlation function of the electronic
polarizability operator αlβα as
d2σ
dΩdωf
= A
ωf
ωi
∑
αβα′β′
Pβ′α′PβαΠβ′α′βα(ω, ~K), (5)
where Πβ′α′βα(ω, ~K) is the Fourier transform of the cor-
relation function of this operator given by
Πβ′α′βα(ω, ~K) =
1
2π
∫
dteiωt
∑
ll′
e−i ~K·(~rl′−~rl)
× 〈i|αl′β′α′(t)†αlβα(0)|i〉, (6)
with ~K = ~ki − ~kf , ω = ωi − ωf and Pβα =
(~ekfλf )β(~ekiλi)α. αlβα(t) is the Heisenberg representa-
tion of the electronic polarizability αlβα at site l. Now
this operator is represented by the Liouville operator L
as follows;
αlβα = jlβ
1
L− ωi + iΓjlα + jlα
1
L† + ωi
jlβ . (7)
L is defined by the equation of motion for a Heisenberg
operator O(t):26
i∂tO(t) = [O(t), H ] = −LO(t). (8)
On resonance, the first term in Eq. (7) provides dominant
processes in the scattering.
In the intermediate scattering state of RIXS, a Mn 1s
electron is excited to the Mn 4p orbital at a Mn site
where x ray is absorbed. As discussed in Ref. 23, one of
the dominant interactions which cause charge and orbital
excitations of the Mn 3d electrons is the local Coulomb
interactions between 3d electrons and the 1s hole and/or
the 4p electron at this site. Thus, the RIXS spectra
largely depend on the local electronic structure. Once
the excitations occur at a Mn site, these propagate in
a crystal lattice. Such itinerant nature of the electronic
excitations can be observed by the momentum resolved
measurements, since the wave length of x ray is compara-
ble to the lattice constant. In order to take into account
these two characteristics of RIXS on an equal footing, we
adopt the following two steps in the formulation of the
scattering cross section of RIXS: [1] The polarizability
operator αlβα in Eq. (7) is expanded by the local oper-
ator products at a Mn site l. Here the Hamiltonian Hl
defined at this site is utilized. [2] The correlation func-
tion 〈i|αl′β′α′(t)†αlβα(0)|i〉 in Eq. (6) is calculated by the
tight-binding Hamiltonian for the Mn 3d electrons H3d
2
defined in a crystal lattice. Contributions from the O
2p orbitals which are not included in the present model
explicitly will be discussed in Sec. IV.
Let us introduce the Hamiltonian Hl defined at site l
where x ray is absorbed:
Hl = H
(3d)
l +H
(1s,4p)
l +H
(3d−1s,4p)
l . (9)
The first term H
(3d)
l represents the Mn 3d system where
two eg orbitals and a localized spin for t2g electrons are
considered. This is represented by a sum of the two
terms;
H
(3d)
l = H
ε
l +H
U
l , (10)
where
Hεl =
∑
γσ
εdd
†
lγσdlγσ, (11)
and
HUl = U
∑
γ
nlγ↑nlγ↓ + U ′
1
2
∑
γ
nlγnl−γ
+ J
∑
γσσ′
d†lγσd
†
l−γσ′dlγσ′dl−γσ − JH~sl · ~Sti. (12)
dlγσ is the annihilation operator of the 3d eg electron
at site l with orbital γ(= 3z2 − r2, x2 − y2) and spin
σ(=↑, ↓). nlγ =
∑
σ nlγσ =
∑
σ d
†
lγσdlγσ is the number
operator, ~sl =
1
2
∑
ss′γ d
†
lγs~σss′dlγs′ is the spin operator
for the eg electrons and ~Stl is the spin operator for the
t2g electrons with S = 3/2. −σ (−γ) indicates a spin
(orbital) which has an opposite direction to σ (γ). U , U ′
and J in Eq. (12) are the intra- and inter-orbital Coulomb
interactions and the exchange interactions, respectively,
and JH is the Hund coupling between eg and t2g spins.
The second term in Eq. (9) describes the Mn 1s and 4p
electron energy levels:
H
(1s,4p)
l = εs
∑
σ
s†lσslσ + εp
∑
ασ
p†lασplασ, (13)
and the third term gives the Coulomb interactions be-
tween the Mn 1s, 3d and 4p electrons:
H
(3d−1s,4p)
l = n
s
l
(
Vsdnl + Vspn
p
l
)
+
∑
γα
nplα
(
V γ,αdp nlγ +W
γ,α
dp mlγ
)
, (14)
whre nsl =
∑
σ s
†
lσslσ and n
p
l =
∑
α n
p
lα =
∑
ασ p
†
lασpiασ.
The first two terms in Eq. (14) correspond to the core
hole potentials and the second two describe the Coulomb
interactions between the Mn 3d and 4p electrons. The
latter involve the operator mlγ =
∑
σ d
†
l−γσdlγσ which
describes the orbital fluctuation for 3d electrons. Explicit
forms of the diagonal and off-diagonal components of the
Coulomb interactions V γ,αdp and W
γ,α
dp are given as
V γ,αdp = F0 + 4F2 cos
(
θγ − 2π
3
mα
)
, (15)
and
W γ,αdp = 4F2 sin
(
θγ − 2π
3
mα
)
, (16)
respectively, with (mx,my,mz) = (1, 2, 3). F0(2) is the
Slater integral between 3d and 4p electrons and an angle
θγ specifies the occupied 3d orbital as
|θγ〉 = cos(θγ
2
)|d3z2−r2〉 − sin(
θγ
2
)|dx2−y2〉. (17)
Being based on Hl given in Eq. (9), αlβα is expanded
by the local operator products at site l. The Liouville
operator L is divided into the unperturbed and per-
turbed parts, i.e. L = L0 + L
′. L0 and L′ correspond
to the Hamiltonian H0l = H
ε
l + H
(1s,4p)
l + 〈HUl 〉H +
〈H(3d−1s,4p)l 〉H and H ′l = ∆(HUl ) + ∆(H(3d−1s,4p)l ), re-
spectively, where Oˆ = 〈Oˆ〉H + ∆(Oˆ) for an operator Oˆ
and 〈Oˆ〉H is its Hartree part. Up to the first order of L′,
αlβα is expressed as follows,
αlβα =
|B|2
m
∑
σ1σ2
J†lβσ2
(
1
L0 − ωi + iΓ
− 1
L0 − ωi + iΓL
′ 1
L0 − ωi + iΓ
)
Jlασ1 , (18)
with Jlασ = p
†
lασslσ. The first and second terms cor-
respond to the elastic and inelastic scatterings, respec-
tively. The second term is calculated by utilizing the
equations of motion of the operators and is given by
αlβα = −|B|
2
m
δαβ
∑
σ1σ2
J†lασ2Jlασ1
∑
m=1,2
∑
σγ
O
(m)
lγσD
(m)
γσα,
(19)
with
D(m)γσα =
1
E
(m)
γσα − ωi + iΓ
C(m)γα
1
Eα − ωi + iΓ . (20)
m = (1, 2) describes the intra- (m = 1) and inter-orbital
(m = 2) excitations for the 3d electrons. The operator
O
(m)
lγσ represents these excitations and C
(m)
γα and E
(m)
γσα
are their amplitudes and excitation energies, respectively.
The explicit forms of them are given as follows,
O
(1)
lγσ = δnlγσ, O
(2)
lγσ = δm
†
lγσ, (21)
C(1)γα = Vsd − V γ,αdp , C(2)γα = −W γ,αdp , (22)
3
E(1)γσα = −Eα, E(2)γσα = −(ε−γσ − εγσ + Eα), (23)
where Oˆ = 〈Oˆ〉+ δOˆ for an operator Oˆ and
Eα = εs − εp + Vsd〈nl〉 −
∑
γ
V γαdp − Vsp, (24)
εγσ = εd + U〈nlγ−σ〉+ U ′〈nl−γ〉 − J〈nl−γσ〉
− JH 1
2
εσ〈Szlt〉+ Vsd〈nsl 〉+
∑
α
V γαdp 〈nplα〉, (25)
with (ε↑, ε↓) = (1,−1). Then, Eq. (19) denotes the fol-
lowing inelastic scattering processes: the incident x ray
excites an electron from the 1s orbital to the 4p one with
the excitation energy Eα at a Mn site l where x ray is
absorbed. In the intermediate scattering state, charge
and orbital excitations represented by O
(m)
lγσ occur with
amplitudes C
(m)
γα at this Mn site. Finally, the 4p electron
returns back to the 1s orbital with emitting the second
x ray. The final form of the correlation function of the
polarizability is given by
Πβ′α′βα(ω, ~K) =
1
2π
∫
dteiωt
∑
ll′
e−i ~K·(~rl′−~rl)
× Πβ′α′βα(t, ~rl′ − ~rl), (26)
with
Πβ′α′βα(t, ~rl′ − ~rl) = |B|
4
m2
δβ′α′δβα
∑
mm′
∑
σσ′γγ′
× D(m′)∗γ′σ′α′D(m)γσα〈O(m
′)
l′γ′σ′(t)
†O(m)lγσ (0)〉. (27)
Here it is assumed that J†lασ2Jlασ1 = δσ1σ2 and 〈i| · · · |i〉
is replaced by the thermal average 〈· · ·〉. We note that
the scattering cross section is expressed by the correlation
functions of the charge and orbital fluctuations of the Mn
3d electrons associated with the local corrections D
(m)
γσα.
The correlation function 〈O(m′)l′γ′σ′ (t)†O(m)lγσ (0)〉 in
Eq. (27) is calculated by the tight-binding Hamiltonian
H3d for the Mn 3d electrons defined in a crystal lattice:
H3d =
∑
l
H
(3d)
l +Ht, (28)
where H
(3d)
l is given in Eq. (10). The second term repre-
sents the electron hopping between nearest neighboring
Mn sites l and l′ with orbitals γ and γ′, respectively.;
Ht =
∑
〈ll′〉γγ′σ
tγγ
′
ll′ d
†
lγσdl′γ′σ +H.c., (29)
where tγγ
′
ll′ is the hopping integral and its orbital depen-
dence is determined by the Slater-Koster parameters.27
We apply the present formulae of the scattering cross
section to LaMnO3. A simple cubic lattice consisting of
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FIG. 1. The RIXS spectra Πβ′α′βα(ω, ~K) for the
(d3x2−r2 , d3y2−r2)-type orbital ordered state. The momen-
tum transfer is (a) ~K = (q00) and (b) ~K = (qq0) in the
cubic Brillouin zone. The polarization of x ray is chosen to
be α = α′ = β = β′ = x (the x polarization). The energy
parameters are chosen to be U = 9, U ′ = 7, J = JH = 1,
Vsd = 9.5, F0 = 7, F2 = 0.35 and Γ = 1.5 as a unit of t0. t0
is estimated to be about 0.5∼ 0.7eV.
Mn3+ is considered. The A-type antiferromagnetic struc-
ture and the C-type orbital ordered one, where d3x2−r2
and d3y2−r2 orbitals alternately align in the ab plane,
is introduced by considering the Jahn-Teller type lat-
tice distortion observed in LaMnO3. The mean field
approximation is adopted in H3d; 〈szk〉 = 14 〈Sztk〉 =
1
2δk=(00π), 〈nk3z−2r2〉 = 12δk=(000), 〈nkx2−y2〉 = 32δk=(000)
and 〈mk3z2−r2〉 = 〈mkx2−y2〉 = 14δk=(ππ0) where Oˆk is
the Fourier transform of an operator Oˆl. As for the
lattice degree of freedom, the adiabatic approximation
is introduced in the intermediate and final scattering
states where the lattice distortions are assumed to be
unchanged from those in the initial scattering state. Con-
tributions from the Jahn-Teller coupling to the excitation
energies are interpreted to be included implicitly in the
inter-orbital Coulomb interaction U ′.
III. NUMERICAL RESULTS
The calculated results of the RIXS spectra are pre-
sented in Fig. 1. Πβ′α′βα(ω, ~K) defined in Eqs. (26) and
(27) is plotted as a function of the energy transfer ω of
x ray. The elastic component located at ω = 0 is not
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FIG. 2. The electron energy bands for the
(d3x2−r2 , d3y2−r2)-type orbital ordered state. The broken line
represents the chemical potential located at the center of the
occupied and lowest unoccupied bands. The parameter values
are the same with those in Fig. 1. The origin of the vertical
axis is arbitrary. The dotted arrows indicated by AΓ, AX
and AM represent the main contributions to the peak A in
the RIXS spectra (see Fig. 1) around ~K = (000), (π00) and
(pi
2
pi
2
0), respectively.
shown. The momentum transfer ~K is chosen to be (q00)
for Fig. 1(a) and (qq0) for Fig. 1(b) where the notation
in a simple cubic lattice is used. The polarization of
x ray is assumed to be parallel to the x direction, i.e.
α = α′ = β = β′ = x. The energy parameters are chosen
to be U = 9, U ′ = 7, J = JH = 1, Vsd = 9.5, F0 = 7,
F2 = 0.35 and Γ = 1.5 in units of t0 which is the hopping
integral between d3z2−r2 orbitals in the z direction. t0 is
estimated to be about 0.5∼ 0.7eV. The energy of the in-
cident x ray is redefined as ω˜i = ωi− (εp−εs−Vsp−Vsd)
in Eq. (23). We assume that the smallest energy among
E
(m)
γσα and Eα in Eq. (20) corresponds to the excitation
energy at the K edge and ω˜i is fixed at this energy. The
RIXS spectra shown in Fig. 1 do not have an intensity up
to about 2t0 which corresponds to the Mott gap. That
is, the spectra are attributed to the individual electronic
excitations from occupied to unoccupied electronic states
across the Mott gap. The remarkable momentum depen-
dence is seen in the RIXS spectra; near the (000) point,
two peaks and one shoulder are observed at about 5t0
and 6t0 and 7.5t0, respectively. These are denoted as A,
B and C in the figure. The lowest peak structure be-
comes remarkable with increasing ~K along the < h00 >
direction. On the other hand, this structure is smeared
out near the (π2
π
2 0) point,
0 2 4 6 8 10
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w
(pi00) x polarization
 z polarization
Π
( ω
,
k)t
03
 
 
ω/t0
FIG. 3. The polarization dependence of the RIXS spectra
Πβ′α′βα(ω, ~K) for the (d3x2−r2 , d3y2−r2)-type orbital ordered
state. The momentum transfer is ~K = (π00). The solid and
broken lines represent the spectra for α = α′ = β = β′ = x
(the x polarization) and α = α′ = β = β′ = z (the z polar-
ization), respectively. Other parameter values are the same
with those in Fig. 1.
The energy and momentum dependence of the RIXS
spectra is well explained by the Hartree-Fock band struc-
ture presented in Fig. 2. The eight bands each of which
are doubly degenerate are attributed to the four Mn ions
with spin and orbital degrees of freedom in a unit cell.
The occupied bands have the d3x2−r2 and d3y2−r2 orbital
characters, which are termed the majority orbitals here-
after, and the lowest unoccupied bands have the dy2−z2
and dz2−x2 orbital ones (the minority orbitals). The Mott
gap opens between the two and is of the order of U ′ − J
in the limit of U ′ >> t0. The unoccupied bands with
higher energies correspond to the minority spin bands.
The dispersion relations of all bands are weak in the z
direction, because the electron hopping is suppressed in
this direction due to the A type antiferromagnetic struc-
ture. It is interpreted that the main RIXS spectra in
Fig. 1 are attributed to the transition from the occupied
band (the lower Hubbard band) to the lowest unoccu-
pied band (the upper Hubbard band). Weak spectral
weights in the regions of 8.5 < ω/t0 originate in the ex-
citations to the higher bands. These transitions are al-
most prohibited, since the operators O
(m)
lγσ in Eqs. (21)
do not change the spin states of the 3d electrons. It
is noted that the lowest unoccupied bands show the al-
most flat dispersion relation, because the electron hop-
ping between the dy2−z2 and dz2−x2 orbitals is forbidden
in the xy plane. Thus, the global shape of the main
spectra reflects from the density of states of the occu-
pied band. The dominant contributions to the peak A
around ~K = (000), (π00), and (π2
π
2 0) in Fig. 1 are at-
tributed to the transitions denoted as AΓ, AX and AM
in Fig. 2, respectively. It is noted that the difference be-
tween the transitions AM and AX is caused by the cur-
vature of the unoccupied band; ∇x,yE(u)(~k) < 0 around
~k = (π00) and ∇x,yE(u)(~k) > 0 around ~k = (π2 π2 0) where
E(u)(k) is the energy of the lowest unoccupied band and
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FIG. 4. The RIXS spectra Πβ′α′βα(ω, ~K) for
(a) the (dx2−z2 , dy2−z2)-type ((θA, θB) = (π/3,−π/3))
and (b) the 1√
2
(d3x2−r2 + dx2−z2 , d3y2−r2 + dy2−z2)-type
((θA, θB) = (π/2,−π/2)) orbital ordered states. The mo-
mentum transfer is ~K = (π00). The solid and broken lines
represent the spectra for α = α′ = β = β′ = x (the x po-
larization) and α = α′ = β = β′ = z (the z polarization),
respectively. Other parameter values are the same with those
in Fig. 1.
∇x,y is a differential operator in the (kx, ky) plane. As
for the occupied band, we find that ∇x,yE(o)(~k) < 0
around ~k = (000) where E(o)(~k) is the energy of the
occupied band. Thus, the van Hove singularity, where
the condition ∇x,yE(u)(~k) − ∇x,yE(o)(~k′) = 0 is satis-
fied, exists in a wide region of the momentum space for
the AX transition. The difference between ∇x,yE(u)(~k)’s
around ~k = (π00) and (π2
π
2 0) is attributed to the fact that
hopping integrals between the occupied orbitals (d3x2−r2 ,
d3y2−r2) and the unoccupied ones (dy2−z2 , dz2−x2) dis-
appear at the (π2
π
2 0) point. Consequently, the peak A
becomes remarkable around ~K = (π00) as seen in Fig. 1.
The polarization dependence of the RIXS spectra is
shown in Fig. 3. The polarization of x ray is chosen to
be parallel to the x direction (α = α′ = β = β′ = x) for
Fig. 3(a) and the z direction (α = α′ = β = β′ = z) for
Fig. 3(b). The momentum transfer is fixed at ~K = (π00)
in both cases. The spectrum is much enhanced for the z
polarization, although the global shape of the spectrum is
insensitive to the polarization. This result arises from the
factor C
(m)
γα given in Eq. (22); C
(m=2)
γα (= −W γ,αdp ) is an
amplitude of the excitations from the occupied 3d orbital
γ to the unoccupied orbital −γ, when the 4pα orbital is
occupied by an electron. Consider the two kinds of Mn
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FIG. 5. The electron energy bands
for (a) the (dx2−z2 , dy2−z2)-type ((θA, θB) = (π/3,−π/3))
and (b) the 1√
2
(d3x2−r2 + dx2−z2 , d3y2−r2 + dy2−z2)-type
((θA, θB) = (π/2,−π/2)) orbital ordered states. The broken
line represents the chemical potential located at the center of
the occupied and lowest unoccupied bands. The parameter
values are the same with those in Fig. 1. The origin of the
vertical axis is arbitrary. The dotted arrows in (b) indicated
by AX1 and AX2 represent the main contributions to the peak
A in the RIXS spectra (see Fig. 4(b)) around ~K = (π00). The
origin of the vertical axis is arbitrary.
sites where d3x2−r2 and d3y2−r2 orbitals are occupied.
In the case where a 1s electron is excited to the 4pα
orbital by x ray, the amplitudes (W 3x
2−r2,α
dp ,W
3y2−r2,α
dp )
are given by (0, 2
√
3F2) for α = x and (2
√
3F2,−2
√
3F2)
for α = z. We note that W 3x
2−r2,x
dp = 0 because of the
symmetry of the wave functions. This is clearly shown
by the explicit form of this interaction:
W 3x
2−r2,x
dp =
∫
d~rd~r′φ∗4px(~r)φ4px(~r)v(|~r − ~r′|)
× φ∗3dy2−z2 (~r
′)φ3d
3x2−r2
(~r′), (30)
where φγ(~r) is the atomic wave function of the orbital
γ and v(|~r|) is the Coulomb interaction. The integrand
changes its sign under replacement of y by z. Thus, the
orbital excitation does not occur at the d3x2−r2 site by x
ray with the x polarization.
RIXS spectra calculated in several-types of the orbital
ordered states are compared in Fig. 4. We consider
the C-type orbital ordered state where the two orbital
sublattices exist. The occupied orbitals are denoted by
the angles (θA, θB) defined in Eq. (17). These values
are chosen to be (θA, θB) = (π/3,−π/3) for Fig. 4(a)
and (π/2,−π/2) for Fig. 4(b) which correspond to the
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(dz2−x2 , dy2−z2) and ( 1√2 [d3x2−r2 +dz2−x2 ],
1√
2
[d3y2−r2 +
dy2−z2 ]) orbital ordered states, respectively. The momen-
tum transfer is fixed at ~K = (π00). The Hartree-Fock
energy bands in these orbital states are also presented
in Fig. 5. We note that the energy and polarization de-
pendence of the spectra in Fig. 4(a) is similar to that for
the (2π/3,−2π/3) state presented in Fig. 1. This is be-
cause the occupied and lowest unoccupied bands in the
state have the (dz2−x2 , dy2−z2) and (d3x2−r2 , d3y2−r2) or-
bital characters, respectively, which are opposite to those
in the (2π/3,−2π/3) orbital ordered state, as seen in
Figs. 1 and 5(a). On the contrary, RIXS spectra for the
(π/2,−π/2) state show mainly two peak structures lo-
cated around ω = 6t0 and 7.5t0. These peaks are in-
dicated as A and B in Fig. 4(b). It is worth noting
that the dispersion relations of the occupied and lowest
unoccupied bands in Fig. 5(b) are almost symmetrical
with respect to the center of the Mott gap because of the
symmetry of this orbital ordered state. Thus, the excita-
tion energies for some transitions, for example, the tran-
sitions AX1 and AX2, are nearly degenerate unlike the
(π/3,−π/3) and (2π/3,−2π/3) orbital ordered states.
The spectra in this orbital ordered state is more sensitive
to the polarization of x ray than those in the (π/3,−π/3)
and (2π/3,−2π/3) states. This fact arises from the larger
anisotropy of the off-diagonal Coulomb interaction, i.e.,
(W
π/2,α
dp ,W
−π/2,α
dp ) = (2F2,−2F2) for the x polarization
and (4F2, 4F2) for the z polarization where W
±π/2,α
dp is
the off-diagonal Coulomb interactionW γ,αdp for the 3d or-
bital of θ = ±π/2.
IV. SUMMARY AND DISCUSSION
We present, in this paper, a theoretical framework of
RIXS from charge and orbital excitations in insulating
manganites with orbital ordering. We formulate the scat-
tering cross section by the Liouville operator method
from the stand point that both the local and itinerant
nature of the excitations reflects on the RIXS spectra.
Then, the cross section is expressed by the correlation
functions of the charge and orbital excitations associated
with the local corrections. The general formulae for the
scattering cross section is applied to LaMnO3 where the
A-type antiferromagnetic order and the C-type orbital
order of the (3d3x2−r2 , 3d3y2−r2)-type are realized. The
calculated spectra from the individual excitations are in-
terpreted by the electronic transition from the occupied
to lowest unoccupied states across the Mott gap. How-
ever, the spectra are not the simple joint density of states
itself; the local correlation effects dominate the unique
polarization and orbital dependence of the spectra.
Let us discuss the relevance of the present results to the
experimental ones in manganites. LaMnO3 is a charge
transfer type insulator where the insulating gap is formed
between the unoccupied Mn eg band (the upper Hubbard
band) and the O 2p band with the eg symmetry being
strongly hybridized with the Mn 3d ones. A value of
this gap ∆ is estimated to be about 2∼3eV.28,29 Below
this highest occupied band, the so-called non-bonding O
2p bands exist. In the present model, where the oxygen
ions are not explicitly taken into account, the lower Hub-
bard band is interpreted to be this highest occupied band
with the strong hybridization between O 2p and Mn 3d
orbitals. The calculated RIXS spectra are attributed to
the transition from this band to the upper Hubbard one
and its energy transfer is about ∆. In the region of higher
energy transfer, RIXS spectra arising from the transition
from the non-bonding O 2p bands to the upper Hubbard
ones are expected to appear, as is observed at about 6eV
in insulating cuprates.19,13 Below ∆, on the other hand,
RIXS from the collective orbital excitation termed orbital
wave30,23 is expected to occur. The energy of this excita-
tion is characterized by the inter-site interaction between
orbitals. This interaction is of the order of 0.1eV. An ab-
solute value of the scattering intensity for the calculated
RIXS spectra is roughly estimated to be of the order of
10−24cm2 where we assume B = 2A˚−1 in Eq. (4) and
t0 = 0.7eV . This is about 50∼100 times larger than
the scattering cross section for the Thomson scattering
(e2/mc2)2 which implies an intensity of 1count/sec/1eV
for the conventional experimental arrangement.15 It is
enough to detect in the present state of the experiments,
although the estimation is semi-quantitative. With dop-
ing of holes into LaMnO3, a finite intensity of the spectra
may appear inside the gap of the spectra. At the same
time, a change of the types of the orbital ordered state is
expected to occur11,31 and is to be detected by RIXS as
shown in the present theory.
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